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The study of the dynamic behaviour  of a membrane  in contact with a fluid is interesting due to the numerous 
applications in technology. The vibro-acoustic behaviour  of a circular membrane in a cylindrical container or a 
membrane drum filled with a non-viscous fluid is analyzed . A boundary element method is used and the 
acoustic pressure over the boundary is calculated employing the Kirchhoff`s  integral equation and that with the 
equation of motion of the  membrane,  the natural frequencies of vibration are obtained. Furthermore the effect 
of  the drum height, drum radius, membrane material density, tension parameter and fluid density on the 
frequencies are evaluated, as well as the variation of the fluid mass coefficient with the wave number. Validation 
of the method is made comparing the results with those obtained  by other authors and theories.  
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1. Introduction 
 
Investigations and studies of vibrating membranes  have been conducted for many years. These 
structures formed from thin-walled material can  be found in various applications from biological 
to architectural and aerospace, in which the tangential and bending reaction to loads are negligible. 
 Motivations for such studies were the solution of practical problems, for example the 
investigation of acoustics of musical instruments such as drums and bells, architectural or civil 
structures, diaphragms in transducers, biomedical prosthesis such as artificial organs, and space 
based applications such as radio antennas and optical reflectors, see Jenkins et al. [2006]. All of 
them can be considered as different types of  fluid-structure interaction problems, as an example 
the recent works of  Soltani and Reddy [2015] who analyze the vibration of elastic plates  in 
contact with an inviscid  fluid, Abassi  et al. [2016] who analyze the torsional vibration of a fluid-
filled multilayered  transversely isotropic finite circular cylinder,  Erchiqui et al. [2015] who carry 
out an study of  characterization of polymeric membranes under large deformations using fluid-
structure coupling, and lastly Zhao and Li [2015]  who undertake the  study of vibration and 
acoustic responses of an orthotropic composite conical shell in a hygroscopic environment. The 
interactions between fluid and membranes affect the frequency characteristics of the coupled 
system and could change the performance of the system under dynamic loading. For these light 
structures, even when the fluid is air, the contribution to the dynamic properties can be important. 
The problem of fluid-membrane interactions has been investigated by many researchers. Bauer 
[1995] considered the coupled frequencies of a liquid in a circular cylindrical container with an  
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elastic liquid surface cover; for this an analytic method is employed considering the deformation 
equation of the membrane in which the pressure force is obtained through the velocity potential 
using Bernouilli’s linearized equation. Chiba et al .[2002] considered the free hydroelastic 
vibration in a cylindrical container with a membrane bottom, containing liquid with surface 
tension. Shabani et al. [2013] studied the hydroelastic vibration of a circular diaphragm in the fluid 
chamber of a reciprocating micro pump. Tariverdilo et al. [2012, 2013] considered the free 
vibration of a circular plate or membrane situated on the bottom of a cylindrical container filled 
with an incompressible and non-viscous fluid, for which it applies a variational approach taking 
into account the deformation of the  plate and the velocity potential function for the fluid including 
also its boundary conditions. Kyeong et al. [2005] analyzed the hydro-elastic vibration of a 
circular plate clamped at an off center location of a rigid cylindrical container with the fluid 
bisected by the plate in the container; for this the fluid was considered non-viscous and 
compressible and an analytical method was developed by the Rayleigh-Ritz method based on the 
Fourier-Bessel series expansion. Xiang et al.  [2016]  used a variational formulation for vibro-
acoustic analysis of a panel backed by an irregularly-bounded cavity. 
The vibration of a circular membrane clamped on the bottom of a cylindrical container filled 
with fluid (compressible or incompressible) is analyzed in this paper. Applying a boundary 
element method taking into account the Kirchhoff`s  integral formulation for the fluid pressure and 
the equation of motion of the membrane,  the  frequencies of  the coupled system are evaluated by 
a collocation method leading to an eigenvalue problem. The advantage of the boundary element 
method with respect to the finite element method is that it  requires a discretization of only the 
boundary of the fluid domain and not  the entire  fluid domain, so that for example  in the case of 
an  infinite domain the application of the finite element method has limitations. This method is 
characterized by its relative simplicity,  nevertheless it requires the calculation of singular integrals 
that are solved by taking their principal value. 
Finally the effects of fluid parameters such as depth and density, and the membrane parameters 
such as tension, material density and thickness of the free vibration response on the coupled 
system are investigated as well as the variation of the fluid mass coefficient with the wave number. 
 
 
2. Problem Formulation 
 
The equation of the membrane deformation in contact with the fluid the fluid is,  see Wang   
[2014]:  
                                           
2
2( , , ) ( , , )m h
wT w r t t p r t
t
θ ρ θ
∂
∆ − =
∂
                                            (2.1) 
with w  the membrane deformation, T   the membrane  tension, ht   the membrane thickness, and 
mρ the material density of the membrane. 
It is supposed that the only action over the membrane is the fluid pressure p   inside the drum 
in contact with it. 
This pressure distribution can be obtained by solving the wave equation on the fluid domain for 
a still fluid 
                                      
2
2 2
1 0p p
a t∞
∂
− ∆ =
∂
                                                               (2.2) 
with a∞  the sound speed. 
Application of the momentum equation at the surface of the membrane that is placed at the 
0z =  plane  and with a radius  , yields the boundary condition: 
2
2
p w
z t
ρ∞
∂ ∂
= −
∂ ∂
 at 0z = ±     and 0 r a< <                                        (2.3) 
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with  a  being the radius of the membrane and ρ∞  the fluid density. 
And for the rigid walls  0p
n
∂
=
∂
, with n    the normal to the surface of the wall. 
In Fig.1 the geometrical characteristics are presented which define the membrane drum. 
 
 
 
Fig. 1.  Scheme of a membrane drum showing  the different geometrical  parameters  
 
If transient motion has faded out, the motion of both the fluid and the structure would be 
assumed to be harmonic  
( , , ) ( , ) i tw r t w r e ωθ θ −= ⋅  and ( , , , ) ( , , ) i tp r z t p r z e ωθ θ −= ⋅                          (2.4) 
The deformation of the membrane, when coupled with the fluid, will be expressed as a linear 
combination of the normal modes of the membrane in vacuum 
( , ) ( ) cos( )n nm m
m n
w r W r m qθ θ= ⋅∑∑                                              (2.5) 
where  nmq   represents the weight coefficients that indicate the contribution of the mode 
n
mW   to the 
deformation of the membrane.  
The functions ( )nmW r   have the general expression,  see Wang  [2014]:  
 ( ) ( )n nm m mW r J rβ=                                                             (2.6) 
where mJ  is the Bessel function of  
thm  order,  and nmβ   is a parameter that depends on the 
dynamic characteristics of the membrane and provides the frequencies of the membrane in 
vacuum. The indexes ,m n  represent the number of nodal diameters and nodal circles respectively. 
Once the assumption of harmonic motion is made, equation (2.2) is expressed as 
2 0p k p∆ + =                                                                  (2.7) 
where   k
a
ω
∞
=   is the wave number, with a∞  the sound speed. 
If at the boundary condition, equation (2.3), equations (2.4) and (2.5) are substituted, it is 
obtained 
                     ( ) 2 2
0
, ,
( , ) ( ) cos( )n nm m
n mz
p r z
w r W r m q
z
θ
ρ ω θ ρ ω θ∞ ∞
=
∂
= = ⋅
∂ ∑∑

   
at  0z =   and  0 r a< <                                        (2.8) 
Drum wall
aS
hS
mS
≈≈≈≈≈≈≈≈ Drum wallDrum height
h
radius a
Drum membrane
z
r
Fluid domain
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Then the pressure field can also be expanded in harmonic functions of θ  
( , , ) ( , ) cos( )nm
m n
p r z P r z mθ θ= ⋅∑∑                                                  (2.9) 
And now equation (2.8) can be expressed as 
2
0
( )
n
n nm
m m
z
P
W r q
z
ρ ω∞
=
∂
=
∂
   0 r a≤ ≤                                               (2.10) 
By substitution of equation (2.9) at (2.7) the differential equation for the pressure mode nmP   is 
2 2 2
2
2 2 2
1 0
n n n
n nm m m
m m
P P P m P k P
r rz r r
∂ ∂ ∂
+ + − + =
∂∂ ∂
                                        (2.11) 
 
Calculus of the pressure over the membrane 
 
Considering the fluid boundary,  see  Fig.1, and applying  the Kirchhoff-Helmholtz’s  integral 
equation  for the pressure mode (that for simplicity is expressed as ( , )P r z )   (from Refs. Crocker, 
M.J. [2007] and Fahy, F. [2001] ) 
( , )
S
g PP r z P g dS
n n
∂ ∂ = − ∂ ∂ ∫∫
                                                (2.12) 
with  g  the Green`s function for the non-homogeneous  Helmholtz’s equation that satisfies  the 
Sommerfield’s radiation condition, whose solution is 
1
4
ikReg
Rπ
= −                                                                  (2.13) 
where R  is the distance  between the source point and the field point, ( ) ( )2 2R r zρ ζ= − + −  
The surface boundary S   is formed by the membrane surface mS , the cylindrical rigid surface 
of the drum  aS and the circular rigid surface of the drum  hS .  
Considering the pressure ( , )P r z on the boundary and its normal gradient P
n
∂
∂ 
, the following 
integral equation is obtained: 
2( , )
S
P r z g g PP dS
n n n n n
 ∂ ∂ ∂ ∂
= − ∂ ∂ ∂ ∂ ∂ 
∫∫
  
                                              (2.14) 
Considering the different surface boundaries and taking into account that 0P
n
∂
=
∂
 for the rigid 
boundaries aS  and hS     
2 2 2( , )
h a mS S S
P r z g g g g PP dS P dS P dS
n n n n n n n n n
 ∂ ∂ ∂ ∂ ∂ ∂
= + + − ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂ 
∫∫ ∫∫ ∫∫
    
                  (2.15) 
Considering the three boundaries of the drum and equation (2.15), a system of three integral 
equations is obtained, and by applying a collocation method and solving this system, the pressure 
field over these boundaries is calculated, i.e.  the pressure over the membrane P , the pressure 
over the cylindrical rigid surface aP , and the pressure over the circular rigid surface hP    
Applying the integral equation of the normal pressure gradient for the cylindrical rigid 
boundary and taking into account that ( , ) 0P a z
r
∂
=
∂
 
Acoustic influence on the vibration of a cylindrical membrane drum filled with a compressible fluid      5 
 
  
( )
2 2 2
0 0 0 00
0 , 2 ( , ) 2 ( ,0) 2
h a a
r ar a r a r a
a h
g g g gP a ad P h d P W d
r r r r
ζρ ζ ζ
ζ π ζ ρ πρ ρ ρ ρ πρ ρ
ρ ζ ζ ∞== = =
== = =
   ∂ ∂ ∂ ∂  = + + − −    ∂ ∂ ∂ ∂ ∂ ∂ ∂    
∫ ∫ ∫      (2.16)                         
Identifying ( ) ( , )aP z P a z= , ( ) ( , )hP r P r h=  and ( ) ( ,0)P r P r=  and applying a collocation 
method, the following system is obtained: 
[ ]{ } [ ]{ } { } [ ]{ }0 aa a ah h ap aWI P I P I P I W = + + +                                       (2.17) 
where the influence matrices are expressed: 
[ ] ( )
1 12 1( , ) 2
2
j j
j j
aa aa i jij
r a
a
gI I z z ad R a d
r
ζ ζ
ζ ζ
ρ
π ζ ζ
ρ
+ +
=
=
∂
= = = Ψ∂ ∂ 
∫ ∫                          (2.18)   
where  1
2
j j
jz
ζ ζ ++=  ,   2
1ikRe ik
RR
 Ψ = − 
 
  and ( )2i iR z zζ ζ= − = −    
Special care must be taken of the singularity when i jz z= . To avoid this singularity, the kernel 
of the integral is split into a regular part and a singular part,  see Gascón-Pérez et al [2015].  The 
regular part is integrated numerically and for the singular part, the principal value, see Roussos 
[2014],  is taken , i.e.   [ ] r saa aa aaij ij ijI I I   = +     
[ ] ( ) ( )( )
1 12 1( , ) 2
2
j j
j j
R
ah ap i j iij
r a
h
RgI I z r d a z h d
r R
ρ ρ
ρ ρ
ζ
πρ ρ ρ ρ ρ
ζ
+ +
=
=
Ψ∂
= = = − −∂ ∂ 
∫ ∫         (2.19)                           
where  1
2
j j
jr
ρ ρ ++=  ,   4
2 ikR
R
eik
R R R
∂Ψ
= Ψ = Ψ − Ψ +
∂
   and    ( ) ( )2 2iR a z hρ= − + −  
( ) ( )
1 12
0
1( , ) 2
2
j j
j j
R
ap ap i j iij r a
RgI I z r d a z d
r R
ρ ρ
ρ ρ
ζ
πρ ρ ρ ρ ρ
ζ
+ +
=
=
Ψ∂  = = − = − −  ∂ ∂ 
∫ ∫           (2.20)        
where  ( ) ( )2 2iR a zρ= − +                 
 [ ] ( ) ( )
1 1
0
1( , ) 2
2
j j
j j
aW aW i jij r a
gI I z r d R a d
r
ρ ρ
ρ ρζ
ρ πρ ρ ρ ρ ρ ρ
+ +
∞ ∞
=
=
∂ = = − = Ψ ⋅ −∂ ∫ ∫
            (2.21)    
where    ( ) ( )2 2iR a zρ= − +                             
Applying the integral equation of the normal pressure gradient  for the circular rigid boundary 
hS  and taking into account that 
( , ) 0P r h
z
∂
=
∂
 
2 2 2
000 0 0
0 ( , ) 2 ( , ) 2 ( ,0) 2
h a a
a h
z hz h z h z h
g g g gP a ad P h d P W d
z z z z ζρ ζ ζ
ζ π ζ ρ πρ ρ ρ ρ πρ ρ
ρ ζ ζ ∞== = =
== = =
   ∂ ∂ ∂ ∂  = + + − −    ∂ ∂ ∂ ∂ ∂ ∂ ∂    
∫ ∫ ∫      (2.22) 
Identifying ( ) ( , )aP z P a z= , ( ) ( , )hP r P r h=  and ( ) ( ,0)P r P r=  and applying a collocation 
method, the following system is obtained: 
[ ]{ } [ ]{ } { } [ ]{ }0 ha a hh h hp hWI P I P I P I W = + + +                                   (2.23) 
where the influence matrices are expressed: 
[ ]
1 2
( , ) 2
j
j
ha ha i jij
a
z h
gI I r z ad
z
ζ
ρζ
π ζ
ρ
+
=
=
∂
= = ∂ ∂ 
∫                                         (2.24) 
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[ ]
1 2
( , ) 2
j
j
hh hh i jij
h
z h
gI I r r d
z
ρ
ζρ
πρ ρ
ζ
+
=
=
∂
= = ∂ ∂ 
∫                                         (2.25) 
Again, special care must be taken of the singularity when i jr r= . To avoid this singularity, the 
kernel of the integral is split into a regular part and a singular part. The regular part is integrated 
numerically and for the singular part, the principal value is taken , i.e.  [ ] r shh hh hhij ij ijI I I   = +     
1 2
0
( , ) 2
j
j
hp hp i jij
z h
gI I r r d
z
ρ
ζρ
πρ ρ
ζ
+
=
=
∂  = = −   ∂ ∂ 
∫                                       (2.26)                                                        
[ ]
1
0
( , ) 2
j
j
hW hW i jij
z h
gI I r r d
z
ρ
ζρ
ρ πρ ρ
+
∞
=
=
∂ = = − ∂ ∫
                                    (2.27)                            
Applying the integral equation of the normal pressure gradient for the circular membrane and 
taking into account that ( ,0)P r W
z
ρ∞
∂
= −
∂
  and that  
0
0
0
z
g
z
ζ
=
=
∂  =∂ 
 
2 2 2
00 0 00 0 0
( , ) 2 ( , ) 2 ( ,0) 2
h a a
a h
z z z
g g gW P a ad P h d P d
z z zρ ζ ζ
ρ ζ π ζ ρ πρ ρ ρ πρ ρ
ρ ζ ζ∞ = = =
= = =
   ∂ ∂ ∂ − = + + −   ∂ ∂ ∂ ∂ ∂ ∂   
∫ ∫ ∫        (2.28) 
identifying ( ) ( , )aP z P a z= , ( ) ( , )hP r P r h=  and ( ) ( ,0)P r P r=  and applying a collocation 
method, the following system is obtained: 
 { } { } { } { }0 pa a ph h pp pWI P I P I P I W       = + + +                                                (2.29) 
where the influence matrices are expressed: 
 
1 2
0
( , ) 2
j
j
pa pa i jij a
z
gI I r z ad
z
ζ
ρζ
π ζ
ρ
+
=
=
∂  = =   ∂ ∂ 
∫                                     (2.30) 
1 2
0
( , ) 2
j
j
ph ph i jij h
z
gI I r r d
z
ρ
ζρ
πρ ρ
ζ
+
=
=
∂  = =   ∂ ∂ 
∫                                     (2.31) 
1 2
0
0
( , ) 2
j
j
pp pp i jij
z
gI I r r d
z
ρ
ζρ
πρ ρ
ζ
+
=
=
∂  = = −   ∂ ∂ 
∫                                    (2.32) 
Again, special care must be taken of the singularity when i jr r= . To avoid this singularity, the 
kernel of the integral is split into a regular part and a singular part. The regular part is integrated 
numerically and for the singular part, the principal value is taken , i.e.  r spp pp ppij ij ijI I I     = +       
and finally                                      [ ]( , )pW pW i jijI I r r Iρ∞  = =                                                 (2.33) 
Combining the system of equations (2.17), (2.23) and (2.29), is obtained the equation that 
relates the pressure over the membrane { }P  with the acceleration { }W  
{ } { }pWP W = Λ                                                              (2.34) 
where the matrix pW Λ  is obtained resolving the system (2.17), ( 2.23) and (2.29)                                                                         
In a similar way it is easy to obtain the equation that relates the pressure { }aP and { }hP over the 
fixed boundaries with the membrane acceleration { }W  
{ } [ ]{ }h hWP W= Λ                                                           (2.35) 
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{ } [ ]{ }a aWP W= Λ                                                  (2.36) 
 
Calculus of the membrane frequencies  
 
Taking into account that 2W Wω= −   and defining  pW pWaρ∞   Λ = Λ    , the pressure over 
the membrane is obtained as   { } { }2 pWP a Wρ ω∞  = − Λ                                                          (2.37) 
The next step is to solve equation (2.1). After the substitution of equations (2.4), (2.5) and 
(2.9), this equation is expressed as:  
( ) ( )2 ( )n n nm m h m mT W r t W r P rρ ω∆ + =                                                (2.38) 
By multiplying equation (2.38) by the mode vuW  and the integration over the surface of the 
membrane, the following system is obtained: 
2
m m m
n v n n v n n v
m u m m h m u m m u
S S S
T W W q dS t W W q dS P W dSρ ω∆ + =∫∫ ∫∫ ∫∫                              (2.39) 
After applying a collocation method and considering the expression (2.37) for the pressure 
over the membrane , the following scalar equation is obtained:  
[ ]{ } [ ]{ }
[ ]{ }
2
12
n v n n v n
m u m m h m u m
T
n v n
m pW u m
T W S W q t W S W q
a W S W q
ρ ω
ρ ω
−
∞
   ∆ ∆ + ∆ =   
    = − Λ ∆     
                      (2.40) 
Making a variation of  , , , 0,1, 2,..........,m n u v N=  the following system is obtained leading to 
an eigenvalue problem: 
[ ] [ ] [ ]( ) { } { }2 0FK M M qω − + =                                                  (2.41) 
where the elements of the three matrices are calculated: 
[ ]{ }nv n vmu m uK T W S W = ∆ ∆                                                      (2.42.1) 
[ ]{ }nv n vmu m h m uM t W S Wρ  = − ∆                                                    (2.42.2) 
[ ]{ }1
T
nv n v
Fmu m pW uM a W S Wρ
−
∞
    = − Λ ∆     
                                          (2.42.3) 
It should be noted that the matrix  [ ]FM  for compressible cases is a complex matrix  and will 
depend on the natural frequencies through the wave number k
a
ω
∞
= . Thus, the solution to 
equation (2.41) for the determination of the natural frequencies ω  becomes a nonlinear 
eigenvalue problem since the fluid-mass matrix ( )FM ω   depends on the frequency.  
An iteration procedure needs to be used to obtain the natural frequencies of the system. The 
iteration scheme is developed as follows: 
For each frequency the above procedure converges into two or three iterations. It should be 
noted that for a compressible fluid the natural frequencies are obtained one by one, while for an 
incompressible fluid all of them are obtained at the same time. Once the natural frequencies of the 
coupled fluid-structure are determined, the normal modes can be computed by determining the 
eigenvector { }iq  and expressed as a linear combination of the normal modes of the structure in 
vacuum. 
 
 
3. Results 
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For verification of  the method, in Table 1, the frequencies of a plate in contact with fluid and in  
vacuum nlmf  and 
n
vmf  are compared with the results of Tariverdilo et al. [2013]   for the case of a 
cylindrical container filled with water (incompressible fluid) with a bottom vibrating plate. For this 
case , the entire procedure is similar to that of the membrane and the equation (2.1) is substituted 
by the equation of motion of the plate, from  Wang [2014]:  
 
2
4
2( , , ) ( , , )p
wD w r t t p r t
t
θ ρ θ
∂
∇ + =
∂
                                            (2.44) 
with 
( )
3
212 1
hE tD
ν
⋅
=
−
 the flexural rigidity, E  the elasticity modulus of the material, ht   the plate 
thickness,ν  the Poisson modulus and mρ the material density of the plate. 
Moreover, in this case the functions nmW  are the modes of deformation of the plate that have 
the general expression, see Wang  [2014]:  ( ) ( ) ( )n n n nm m m m m mW r J r I rβ λ β= +   
where mJ  and  mI  are  the Bessel function  and  modified Bessel function of the first kind of  
thm  
order and nmλ  and  
n
mβ  parameters that depend of the boundary condition of the plate 
The frequency nlmf  is associated with the mode  
n
mW  of the plate in contact with water, and the 
frequency nvmf  corresponds to the plate in vacuum, both of which are expressed in Hz. 
As it can be observed from Table 1,  there is a slight difference in  results regarding the present 
method  compared with those obtained by Tariverdilo [2013], depending on the mode considered 
for the different values of nodal diameters m  and nodal circles n , so the validity of this method 
can be concluded . There is also a significant reduction in frequency in the wet case  (with water) 
with respect to the vacuum case and this reduction is higher with the lower  value of the mode 
considered, , see Gascón-Pérez et al [2014].  
 
Table 1. Natural frequencies for a  clamped circular steel plate (in vacuum and water) of a cylindrical container  of 
height 100h mm= , radius 100a mm= , and thickness 2ht mm=  
 
m , n  vf  lf    (Tarverdilo) lf    (present method) Relative discrepancy (%) 
1 , 0 1062 578 601 3.98 
1 , 1 3040 2052   2380 15.98 
1 , 2 6002 4510   5039 11.73 
1 , 3 9949 8812 8936 1.41 
2 , 0 1743 1107   1186 7.14 
2 , 1 4288 3077   3479 13.06 
2 , 2 7688 6010  6568 9.28 
2 , 3 12131 10981 10837 -1.31 
3 , 0 2551 1753 1905 8.67 
3 , 1 5548 4205 4767 13.36 
3 , 2 9511 7647 8514 11.33 
3 , 3 14453 13280 13373 0.70 
4 , 0 3482 2518 2730 8.42 
4 , 1 7003 5476 6111 11.59 
4 , 2 11472 9419 10450 10.94 
4 , 3 16914 15713 15888 1.11 
 
The next results are obtained by analysing the case of a drum filled with air (compressible 
fluid), with an aluminium bottom membrane;  the following properties are considered: 
Radius 50a cm= , thickness 0,02ht mm= , tension 100
NT
m
= ,                                   
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 material density
32700m
kg
m
ρ = , drum height 50h cm=  
Figs. 2 and 3 show the frequency variation of the membrane  with the height of the  drum,  for 
different modes, with 0,1, 2n =  nodal circles and 0,1m =   nodal diameters. 
It can be seen from Fig.2 and 3, that the frequency remains constant with the height variation 
as it approaches to / 1h a = , and decreases rapidly at certain threshold value of the height ratio, 
depending of the mode considered, indicating that the fluid mass damping  effect (the fluid mass 
matrix) increases a lot  by causing the wet natural frequency to decrease ; this value  is lower as 
the higher  mode is considered. This qualitative behaviour of frequency with height is similar to 
that  obtained by Tariverdilo et al. [2013 ] & [2012]. 
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Fig. 2. Variation of membrane frequency (Hz) with the relative height /h a  of the drum for different 
nodal circles 1, 2,3n = and 0m = nodal diameter 
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Fig. 3. Variation of membrane frequency (Hz) with the relative height /h a  of the drum for different 
nodal circles 0,1, 2n = and 1m =  nodal diameter 
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Next the variation of the frequency parameter defined as m htC a
Tω
ρ
ω= ⋅ , with different 
parameters of the membrane: radius a , thickness ht , material density mρ  and  tension T , are 
presented for the two cases, that is with fluid and  in  vacuum, and for the different modes. It must 
be said that in the vacuum case, the frequency parameter vCω   remains constant with the variation 
of the respective membrane parameters. 
Fig. 4 shows the variation of the frequency parameter Cω  with  the  radius a  of the membrane, 
for 0m =  nodal diameter  and 0,1,2n =  nodal circles, where it has been taken into account that 
the ratio h
a
 is kept constant, where h  is the drum height. 
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Fig. 4. Variation of membrane frequency parameter  with fluid and in  vacuum Cω  with the  radius 
a  of the drum for different nodal circles 0,1, 2n = and 0m =  nodal diameter 
 
This parameter decreases with the radius a  and the decrease rate is higher for lower values, 
furthermore  in the same figure  the frequency parameter of the membrane in  vacuum (absence of 
fluid) appears, which is constant with the radius, while the frequency reduction effect of the fluid 
in respect to the vacuum case, increases with the drum size. 
 Fig. 5 shows the variation of the frequency parameter Cω  with  the relative density of the fluid 
of the drum, for 0m =  nodal diameter  and 0,1n =  nodal circles. The value for the reference air 
density is 30 1.225 /kg mρ = . 
This parameter decreases with the relative fluid density, and the decrease rate is higher for 
lower values, furthermore  in the same figure the frequency parameter of the membrane in a 
vacuum (absence of fluid) appears, which remains constant with the relative fluid density. 
Fig. 6 shows the variation of the frequency parameter Cω  with  the membrane thickness ht , for 
0m =  nodal diameter  and 0,1n =  nodal circles. 
This parameter increases with the thickness ht , and the increase rate is higher for lower values, 
furthermore  in the same figure  the frequency parameter of the membrane in vacuum (absence of 
fluid) appears, which remains constant with the thickness. 
Fig. 7 shows the variation of the frequency parameter Cω  with  the  membrane material density 
mρ , for 0m =  nodal diameter  and 0,1n =  nodal circles. 
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This parameter increases with the material density mρ , and the increase rate is higher for lower 
values, furthermore  in the same figure the frequency parameter of the membrane in vacuum 
(absence of fluid) appears,  which is constant with the variation of the material density mρ  
And finally Fig. 8 shows the variation of the frequency parameter Cω  with the membrane 
tension T , for 0m =  nodal diameter  and 0,1n =  nodal circles. 
This parameter remains constant with the variation of the tension T   in both cases,  i.e. in 
vacuum and  with fluid. 
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Fig. 5. Variation of membrane frequency  parameter  with  fluid  and in vacuum Cω  with the  relative 
fluid density 0/ρ ρ  for different nodal circles 0,1n =  and 0m =  nodal diameter 
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Fig. 6. Variation of membrane frequency parameter  with  fluid  and in vacuum Cω  with the     
membrane thickness for different nodal circles 0,1n =  and 0m =  nodal diameter 
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Fig. 7. Variation of membrane frequency parameter  with  fluid  and in vacuum Cω  with the 
membrane material density for different nodal circles 0,1n =  and 0m =  nodal diameter 
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Fig. 8. Variation of membrane frequency parameter  with  fluid  and in vacuum Cω  with the 
membrane tension for different nodal circles 0,1n =  and 0m =  nodal diameter 
 
Finally, Table 2  presents the frequencies of vibration of the membrane for the different modes 
for a membrane drum filled with air and these are compared  in respect to the values in the vacuum 
case. The properties of the membrane drum such as radius, thickness, tension, height and material 
are the  considered.  As it can be observed, there is a great reduction in frequency with air that is a 
light fluid, with respect to the vacuum case (see Fowler et al. [1987]), and this reduction is higher  
the  lower the value of the mode. 
 
Table 2. Natural frequencies (Hz ) for an aluminium  membrane  (in vacuum and air) of a cylindrical drum  of  height 
50h cm= , radius 50a cm= , and membrane thickness 0.02ht mm=  
 
m , n  vf  af     frequency reduction (%) 
0 , 0 32.94 11.68 64.54 
0 , 1 75.61 56.05 25.87 
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0 , 2 118.54 104.24 12.06 
1 , 0 52.49 24.82 52.71 
1 , 1 96.10 67.84 29.41 
1 , 2 139.36 114.34 17.95 
2 , 0 70.35 41.00 41.72 
2 , 1 115.30 87.96 23.71 
2 , 2 159.17 134.03 15.79 
 
 
These results are obtained in the case of air considered as compressible, but it must be said that 
the results obtained in the incompressible case presents a difference that is almost negligible, in 
particular the relative difference is in the worst case lower than 0.1%. It can be said that this 
difference may be more appreciable in other circumstances,  for example for other drum 
geometries or other membrane characteristics. In this regard, Fig. 9 shows the variation of the fluid 
mass coefficient with the wave number k
a
ω
∞
= . This coefficient is defined as 2F
F
M
MC
a hπ ρ∞
=  
where  FM   is the diagonal term of the fluid mass matrix that is responsible for the reduction of 
the frequency in relation to the vacuum value, so this fluid  mass coefficient can be interpreted  as 
the transfer function that gives the effect  of the fluid (pressure) over the drum membrane 
associated with the deformation mode of the membrane. As it can be observed the fluid mass 
coefficient presents an oscillating variation with the wave number, and tends to reach a  value of 
zero for high values of the wave number k . It also shows its value for the incompressibility case, 
i.e. 0k = .  
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Fig.9. Fluid mass coefficient vs wave number k   for the membrane drum 
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The  fluid-structure interaction problem has been studied for the case of a cylindrical  membrane drum filled with a 
compressible fluid, as in the case of air. To accomplish that, a boundary element method has been employed and the 
acoustic field pressure of the fluid is calculated in order to obtain the membrane frequencies of vibration. For 
validation of this method, the results are compared to other methods showing a good correlation between them. The 
influence of different parameters of the  membrane drum on his dynamic behaviour has been studied , in particular 
the variation of the frequency parameter with the drum height, drum radius, membrane thickness, membrane 
material density and fluid density. Finally, results are presented for a  membrane drum filled with air and compared 
with respect to the vacuum case, where the compressibility effects are almost negligible;  in addition the variation of 
the fluid mass coefficient with the wave number has been shown. 
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